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Some Analysis Methods for Rotating Systems
with Periodic Coefficients

John Dugundji* and John H. Wendellt
Massachusetts Institute of Technology, Cambridge, Massachusetts

This paper reviews two of the more common procedures for analyzing the stability and forced response of
equations with periodic coefficients, namely, the use of Floquet methods and the use of multiblade coordinate
and harmonic balance methods. The'use of rotating coordinates and perturbation methods is also briefly
discussed. The analysis procedures of these periodic coefficient systems are compared with those of the more
familiar constant coefficient systems.

Introduction

IN dynamic analyses of rotating wind-turbine or helicopter
systems, equations of motion with periodic coefficients are

frequently encountered. Unlike systems with constant
coefficients whose analysis techniques are well known and
familiar, the analysis of these periodic coefficient equations
are somewhat less familiar. This paper reviews two of the
more common procedures for analyzing the stability and
response of these periodic coefficient equations: the use of
Floquet methods and the use of multiblade coordinate and
harmonic balance methods. Also, the use of rotating coor-
dinates is discussed. A third procedure involving the use of
perturbation methods will be mentioned, but not discussed in
detail.

To put things in proper perspective and to make com-
parisons, the constant coefficient systems are briefly reviewed
first. This paper is an extension of Appendices A-D of a
report by the authors.1 A good treatment of similar material
can be found in Ref. 2.

Constant Coefficient Systems
Given a system of TV linear differential equations with

constant coefficients,

Mq + Bq+Kq=F(t) (1)

where M, B, and K are square matrices of order TVxTV, while
q and F(t) are column matrices of order TVx 1. These can be
rearranged as

M 0

0 M

0 M

-K -B
(2)

Then, multiplying through by the inverse of the mass matrix
gives 2Nfirst-order equations,

y-Ay = G (3)

where A is a square matrix of order 27Vx 27V, while y and G
are column matrices of order 27Vx 1 given by

A = -M-*K -M-* y= , G=

(4)

Equation (3) is valid providing the mass M is not singular,
which is usually the case with physical systems.

Stability
To investigate stability, set F=0 (which gives G = 0) in Eq.

(3) to obtain a set of homogeneous equations and then seek
the exponential solutions of the form y=yept. Placing these
into Eq. (3) leads to the standard eigenvalue problem,

Ay=py (5)

Eigenvalues pk of the matrix A can be obtained by standard
numerical eigenvalue routines. If any eigenvalue/^ is positive
real or has a positive real part, the system represented by Eq.
(3) or equivalently by Eq. (1) is unstable. It should be
remarked that for certain simple specialized cases, other
methods can also be used to investigate stability directly from
Eq. (1), such as expanding the characteristic determinant,
applying Routh-Hurwitz criteria or applying the Kelvin-Tait-
Ohetaev theorem.3

Forced Response
Under steady-state conditions, the forces F(t) on a rotating

system tend to occur periodically in multiples of the rotation
frequency 12. The force for a particular frequency com=AnQ
can then be expressed in the form,

(6)

(7)

Placing Eqs. (6) and (7) into the basic Eq. (1) and matching
sine and cosine terms gives a set of 27Vx 27Vreal equations,

F ( t ) =

The response q(t) is similarly. of the form,

-H G qi
(8)
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which has the matrix elements,

(9)

Given the amount of the mth harmonic force present F^m) and
Fjw), Eq. (8) can be solved by simple inversion to find the
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response gjjm) and g}m) for each harmonic. Then, all of the
harmonics can be summed to give the total periodic response
as,

(10)
m=0 = 0~

Finding the response q(t) this way rather than by direct
numerical integration allows assessment of the effects of a
particular harmonic on the resulting response of the system.
Of .course, if numerical integration is used, a Fourier analysis
can be made of the resulting response to obtain the effects of
different harmonics.

Floquet Methods
Assume the coefficients M, B, and K in Eq. (1) or

equivalently the coefficients A in Eq. (3) vary periodically in
time, rather than being constants. For illustrating Floquet
methods, it will be convenient to use the first-order
representation, namely 2N equations of the form,

(11)y-A(t)y = G(i)

where A(t) and G(t) are periodic over an interval T.

Stability
The Floquet stability analysis described here follows that

given by Peters and Hohenemser.4 Some other good
discussions of Floquet methods are given by Johnson,2
Nayfeh and Mook,5 and Brockett.6 To investigate stability*
one sets G = 0 in Eq. (11) to obtain homogeneous equations.
The Floquet theorem states the solution of Eq. (11) with G = 0
is of the form

y(t)=B(t) lCkeptf} (12)

where y(t) and {C kep#} are 2Nx 1 column matrices, and B(t)
is a 2Nx2N square matrix periodic over period T, that is,
B(T) = B(Q). From the above, one can express

y(0)=B(0){Ck] (13)

y(T)=B(T){CkepkT}=B(0){CkepkT} (14)

Also, one can express XT) as,

[Q]

y,(0) -}

(15)

where y 7 > is the solution at t = Tof Eq. (1 1) with G = 0 for the
initial conditions yj = 1 and all remaining ̂ ,(0) = 0, j(2) is the
solution for j>2(0)=l and all remaining 7/(0) = 0, etc. The
square matrix [Q] is called the "transition matrix." Equating
Eq. (15) to Eq. (14) and introducing Eq. (13) gives

(16)

(17)

Since Ck are independent, one must have

where \k = epkT are the eigenvalues of the [Q] matrix. One
then has the relation

(18)

from which the real and imaginary parts of the stability ex-
ponent pk are given as

k)2
R + (\k)i] (19a)

(19b)

The real part ak is a measure of the growth or decay of the
response, as can be seen from Eq. (12). Values of otk>Q (or
equivalently \\k I > 1) indicate instability. The imaginary part
ojfc represents the frequency. However, because tan"7 is
multivalued, wk can only be obtained as a basic frequency
plus or minus any integer multiple of 2ir/T. This implies that
part of the periodicity of the motion is in the root co^ and part
in the periodic function B(t)9 which adjusts itself accordingly.
Various choices for co^ can be made, ranging from merely
choosing the principal value (no multiple of 2ir/T) to
choosing a frequency expected from physical considerations,
see Refs. 2 and 4. However, the actual motion and actual
frequency content corresponding to the &th root pk can
always be obtained numerically by setting Ck = 1 and all other
remaining C,=0 in Eqs. (12) and (13). Then, using the kth
eigenvector [B(Q)}k from Eq. (17) as an initial condition, Eq.
(11) is solved with G = 0 by numerical integration techniques
for the resultant motion. This resultant motion yk(t) for the
&th root can also be expressed as,

= [ Q ( t ) ] [ B ( 0 ) } k (20)

where [Q(t)] represents the transition matrix at every time
interval t instead of only at the end point T. To find the
periodic function [B(t)]k corresponding to the Mi root pk,
merely multiply the yk obtained in Eq. (20) above by e~p^.

Summarizing: To check for stability of a system of linear
equations with periodic coefficients, obtain the eigenvalues \k
of the "transition matrix" [QJ. If I X ^ I > 1 , one has in-
stability. The traditional stability exponent pk is related to \k
through Eqs. (18-20). Three remarks on this procedure should
be noted:

1) The "transition matrix" [Q] can be formed by solving
either the first-order equations, Eq. (11) with G = 0, or the
second-order equations, Eq. (1) with F=0 and periodic
coefficients, whichever is more convenient for the integration
scheme.

2) To obtain the "transition matrix" [Q], employ either a
"2Af-pass approach" (integrating the equations of motion 27V
times to cover all initial conditions) or a "single-pass ap-
proach" (integrating the equations once, but keeping the
results for all initial conditions simultaneously). Both
Friedmann et al.7 and a later study by Gaonkar et al.8 favor
the numerical efficiency of the "single-pass approach."

3) The preceding Floquet procedure will still apply even if
the equations have cpnstant coefficients. However, for such
cases it is usually easier to form the matrix A given by Eq. (4)
and obtain its eigenvalues pk rather than to form the
* 'transition matrix*' [ Q ] and obtain its eigenvalues \k.

Forced Response
Solutions of Eq. (11), or equivalently Eq. (1) with periodic

coefficients, can be obtained by direct numerical integration
using some convenient integration scheme. By proper choice
of the initial conditions, all transients can be eliminated from
the response and the desired steady-state dynamic response
thus obtained by integrating through only one period T,
instead of the very large number usually required to reach
steady-state for lightly damped systems. A procedure for
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finding the proper initial conditions is given below.
Solutions of Eq. (11) are of the general form,

turbines, namely,

(21)

where yH(t) is the homogeneous solution and yp(t) is the
particular solution. A complete solution of Eq. (11) can be
obtained numerically for any given set of initial conditions.
Call this solution yE(t). One can add any number of ad-
ditional homogeneous solutions &yH(t) having different
initial conditions to this solution y^tf). This would give new
additional solutions y(t) to Eq. (11),

(22)

which would now have different initial conditions than those
of the original yE(t).

All of the homogeneous solutions of Eq. (11) can be found
by solving Eq. (11) with G = 0 a total of 2N times, subject to
the initial conditions y1 = 1 and all remaining yi = 0, then
j>2 = l and all remaining ^ = 0, etc. In fact, this was done
earlier to investigate stability and resulted in the 2N
homogeneous solutions y(1)(t), y(2)(t), etc., respectively.
Thus, one may write

(23)

where [Q(t)] is the transition matrix at any instant of time,
and Cj, C2, ... are 2Narbitrary constants. The new solution
[Eq. (22) ] can be rewritten as

(24)

For a periodic solution over period r=27r/12, y(T) must equal
XO). Placing Eq. (24) into this condition and solving for the
arbitrary constants C gives,

[Q(T)]C=yE(0)

(25)

where it was noted that [g(0)] =1., and [Q(T)] = [Q] is the
"transition matrix*' found earlier for the stability in-
vestigation. Placing these values of C back into Eq. (24), the
initial conditions for insuring a periodic solution become

y(0) =£,(0) + U-Q] -'{^(T) -^(0)} (26)

The basic equation (11) can then be solved numerically with
these initial conditions to obtain a periodic solution over one
period. It should be noted that if the initial conditions chosen
for yE(t) were yE(0) = 0, the result would simply be

(27)

where yE(T) is now the numerical response of the complete
Eq. (11) at t=T for zero initial conditions. This is a par-
ticularly convenient form for finding the initial conditions for
periodic solutions.

An alternative form for determining the proper initial
conditions for periodic solutions has been proposed by
Friedmann and his co-workers9'10 in their work on wind

(28)

This is similar to Eq. (27), but does not use^. It seems easier
to obtain yE(T) with initial conditions >^(0) = 0 and use Eq.
(27), rather than obtaining [Q(t)] at every time interval t and
performing the indicated operations required by Eq. (28)4

The general procedure described by Eqs. (21-27) may be
extended to deal also with nonlinear equations,

y-A(t)y = G(t,y,y) (29)

where the right-hand side now contains nonlinear functions of
the coordinates. An iterative variation of the previous linear
procedure to obtain the initial conditions for periodic
solutions of nonlinear equations is used by the MOST AS
code.12 The procedure is as follows. First, a numerical
solution yE(t) is obtained to the nonlinear Eq. (29) for some
estimate of the initial conditions j^(0). Then each of the 2N
elements of yE(Q) is perturbed a small amount e, and the
resulting 2N solutions are obtained. This involves solving the
nonlinear Eq. (29) subject to the initial conditions,

o
0

, etc.

(30)

and will result in 27Vresponses of the form

(31)

where by$ (t) represents the effect of each perturbation e,. and
is found by subtracting £E(t) from each of the IN resulting
responses y(i)(t). One can then express the total solution
approximately as,

;a
[Q] (32)

which is in the same form as Eq. (23). Then, again requiring
the periodicity condition y(T)=y(0) and following through as
before will result in the same relation Eq. (26) found
previously. Because of the nonlinearities now present, the
elements of [Q] as found from Eqs. (30-32) may vary with
the amplitude of the initial condition used, yE(0) + e,. This is
in contrast to the linear case where [Q] remains always
constant. Hence, an iterative application of Eq. (26) with a

fA comparison of these methods as well as a similar general
derivation was given by Izadpanah.11 This was pointed out to the
authors by Prof. D. A. Peters of Washington University, St. Louis,
Mo.
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new corrected qE(Q) should be done. If the nonlinearities are
not too great, convergence to the required ^(0) should be
rapid.

An alternative solution for the nonlinear case has been
presented by Friedmann and Kottapalli13 which is based on
expanding the nonlinear function G(t,y,y) of Eq. (29) into a
first-order Taylor series in y and y. Then, the equations are
rearranged into the standard form of Eq. (11), where now
both A(f) and G(t) contain the nonlinear first-order
derivatives of the original G(t,y,y). The equations of motion
are then solved iteratively, starting from the linear solution,
until convergence is reached.

It should be remarked that the numerical procedure for
forced response described in this section can also be used for
the constant coefficient linear case, although it is probably
easier there to obtain the solution by using harmonic response
methods given by Eqs. (6-10). However, for cases where there
is some nonlinearity, the present iterative approach becomes
attractive.

Finally, it should be remarked that the forced response of
the linear system Eq. (11) can also be obtained by modal
decomposition as in the constant coefficient case. To do this,
set

(33)

where [%k(t)} is a column matrix of new coordinates and B(t)
is the periodic function square matrix, each of whose columns
(B(t)} k was given in the previous subsection as,

where the azimuthal position \l/k is,

( B ( t ) } k = [ Q ( t ) ] ( B ( 0 ) ] k e - ' # (34)

Placing Eq. (33) into Eq. (11), making use of Eq. (34), noting
that Q(t)=AQ(t), and multiplying through by [B(t)] ~*
results finally in the uncoupled normal equations of motion,

(35)

where h pk \] is now a diagonal matrix. Equation (35) can be
solved in an uncoupled manner for each mode %k(t) and then
recombined according to Eq. (33) to obtain the total response.
Such an approach requires not only keeping the eigenvalues
\k = epkT and eigenvectors {B(Q)]k of the basic transition
matrix [Q], but also keeping the transition matrix [2(01 at
every time interval t. This modal decomposition approach was
described and used by Schrage and Peters14 for some
helicopter blade response problems.

Multiblade Coordinates and Harmonic Balance
To introduce the subject of multiblade coordinates and

harmonic balance, it is convenient to look at a specific
problem, namely, the stability and response of a multibladed
wind turbine rotor. Given is a rotor with N blades rotating
with rotation speed Q and attached to a flexible tower. The
tower is assumed to have a flexible side motion x(t) (i.e.,
horizontal and in the blades' plane of rotation), while each of
the k blades is assumed to have a lag hinge at its root which
allows a small rotation p(k) (t) in the blades' plane of rotation.
Because the tower motion x is described in a fixed reference
frame while the blade motions @(k) are described relative to a
rotating frame, the resulting equations may have mass,
damping, or stiffness coefficients which are functions of the
azimuthal position of the Ath blade \l/k. A typical such set of
equations is given, for example, in Refs. 15 and 16 as,

(36)

(37)

and is measured counterclockwise from the vertical axis
location.

The first equation of Eqs. (36) represents force equilibrium
for the tower motion x, while the remaining N equations
represent force equilibrium for the motion of each of the N
blades J3(k). The above equations are readily generalized to
more tower motions xi and more blade coordinates for each
blade 0/*>.

Stability
To examine Eqs. (36) for stability, set Fx = 0 and F£*> = 0 to

obtain homogeneous equations.
For rotors with three or more blades TV> 3, eliminate the

periodic coefficients in these equations by introducing new
multiblade coordinates b0(t)9 bls(t), blc(t), b2s(t),... such that

(38)

where the total number of coordinates bt taken is equal to the
number of blades TV. Note, if TV=even number, then the
additional mode (—l)k~1bA is needed to complete the set.
The above form is an equivalent modal representation of the
TV blades. Substituting these into Eqs. (36), multiplying the
last Af equations by sin^, cosi/^, I,sin2^ cos2\l/k,...(- \)k~l ,
respectively, summing these last TV equations, and noting the
trigonometric identities,

$mm\l/ksmn\I/k = tecos (m-n)\l/k-

cosm\l/ksinn\l/k = - ^sin (m - n) \l/k + ttsin (m + n) \l/k

cosm\l/kcosn\l/k = 1/2cos(m-n)\l/k-

jv
k=Nsmm\l/j

= 0

cosm\I/k =Ncosm\f/1

= 0

form=N,2N...

-N

= 0

foTm=N,2N...

form^TV,2TV,...

forw=TV/2,3TV/2,...

•foTm#N/2,3N/2,...

(-l)k-1cosm\l/k=Ncosm\Is1 f or m= TV/2, 3N/2,...

= 0 form*N/2,3N/2,...

(39)

results in a new set of differential equations in the variables
x,bls,blc,b0,b2s>b2c,...bA, which for TV>3 blades all now
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have constant coefficients, namely,

TV ..
Mx+Cxx+kxx+ -Sbc =

N
2

=0

N[lbA (40)

These equations may then be investigated for stability using
the standard constant coefficient techniques described earlier.
It should be noted that because of the form of eqs. (36), the
above equations uncouple into several smaller groups, and in
fact only the first three are coupled and involve the tower
motion variable x. For additional details and applications of
multiblade coordinates, see Hohenemser and Yin17 and
Johnson.2 Multiblade coordinates were originally introduced
by Coleman and Feingold18 in their studies of helicopter
ground resonance. A slightly modified unit magnitude form
of multiblade coordinates has recently been suggested by
Prussing19 which consists of multiplying bn and bA in Eq. (38)
by Vl/TV and the remaining bis and bic by V2/7V,

For rotors with two blades, N=2, the analysis is more
difficult because the rotor disk no longer has polar symmetry.
For this case, one may use multiblade coordinates together
with harmonic balance methods to arrive at approximate
solutions. The multiblade transformation of Eq. (38) for two
blades can be expressed in terms of coordinates bT(t) and
MO as , - .

(41)

Introducing these coordinates into Eqs. (36) and then sum-
ming and subtracting the last two equations of Eqs. (36),
respectively, while noting that sin\l/2 = - sin^7 and cos\l/2 =
- COST/'/ , results in a new set of differential equations in the
variables x, bT, and bA which still have periodic coefficients.
Then, expand each of the coordinates in a harmonic series,

(42)

where x0,x!S,bTO,bTls,... are all functions of time. Placing
these functions into the previous equations and balancing
each harmonic term in each equation will yield an infinite set
of constant coefficient differential equations which can be
truncated at some point for approximate solutions. These
truncated equations may be examined again for stability using
the standard constant coefficient techniques described earlier.

Often, depending on the form of Eqs. (36), the resulting
constant coefficient differential equations will uncouple into
several smaller coupled systems of equations which may be
examined independently of one another. For example, for the
case of Eqs. (36), one smaller coupled system would involve
the variables x0,x2S,x2C,bAlc,bA1St... while another would

involve xlc,xls,bAO, bA2C,bA2S,.... For such systems, an
alternate extended form of the multiblade coordinate trans-
formation of Eq. (38), could be used, namely,

x = x0 + x2Ssin2Qt + X2ccos2fit + . . .

0 <*) = blssm\l/k + blccos\l/k + b3Ssin3\I/k + . . . (43)

together with the harmonic balance method to solve the
problem. This works here, since the form given by Eq. (43)
exactly duplicates the motion of the two blades given by the
general case of Eqs. (41) and (42), since sim/^ = - sin^7,
cos\l/2= -cos\l/j, and only x0,x2SJx2C,bAlc,bAls,... would be
present. See Sheu16 for an application of this alternate ex-
tended form of the multiblade transformation [Eq. (43)] to a
simple two-bladed rotor in ground resonance [Eqs. (36)].
Solutions involving as little as three terms (x0, bls, and blc)
gave reasonable approximations to the primary instability
regions. However, in more general cases [for example, if the
first equation of Eqs. (36) had an additional term Mjxcos^j
or kjxcos^j present] , the resulting equations would not split
into two smaller groups and the general harmonic balance
method of Eqs. (41) and (42) would have to be used.

The general harmonic balance method typified by Eqs. (42)
for solving equations with periodic coefficients is well known
and has been used, for example, to solve Mathieu's and Hill's
equations.20 Extensive use of this method of truncating the
resulting infinite determinants is also made by Bolotin in Ref .
21, although because of then-existing limitations on
numerical computations, differing simple approximate
solution techniques had to be used to investigate different
regions of instability. By using the modern computational
techniques available today, all of the eigenvalues of the
truncated determinant obtained from Eqs. (42) can be solved
directly and thus all of the significant instability regions can
be obtained at the same time. See Takahashi22 for application
of this uniform, direct technique to coupled Mathieu
equations with their many attendant simple parametric and
combination resonances.

Forced Response
For rotors with three or more blades, 7V>3, the multiblade

coordinate transformation Eq. (38) can be used to eliminate
the periodic coefficients in the basic equations of motion
[Eqs. (36)], as described in the preceding subsection. The
equations then reduce to the constant coefficient equations
given by Eqs. (40), only now the right-hand sides are

N

RHS =

k=l

N

tfF^(t)
k=i

N

k=l

N

k=l

(44)
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instead of the previous value of zero. Under steady-state
conditions, the tower and blade forces generally occur
periodically in multiples of the rotation frequency 12 and can
generally be expressed as

\ (t) =
(45)

where \l/k = Qt+(k- l)2ir/N. Placing the above forces into
Eqs. (44) and using the trigonometric identities and sum-
mations given by Eqs. (39), the right-hand sides of Eqs. (40)
are obtained in terms of either constants or various harmonic
functions of mtit. The forced responses x(t),bls(t),blc(t)9b0(t),
b2s,...bA can then be found using the standard techniques for
constant coefficient systems discussed previously. It should be
noted that because of the multiblade transformation Eq. (38),
the resulting responses for the tower motion and blade
motions corresponding to a constant term on the right-hand
side would be x= const and @(k) given by Eq. (38), while the
motions corresponding to an mth harmonic cow = w!2 on the
right-hand side would be of the form

x = XR cosco m t — x1 sincom t

(b1SRcosumt-blsIsmwmt)sin\I/k

(b1CRcosumt-blcIsinumt)cos\l/k

( b2SRcosum t - b2SIsinw (46)

The tower thus oscillates at frequency com in the fixed frame,
whereas the blades may oscillate at frequencies com,com + 12,
cow— 12, o?m + 212,com — 212,... relative to the rotating frame,
depending on which coordinates bf are excited. For example,
in the case of a three-bladed rotor N= 3, the F^1C term of Eq.
(45) leads to a constant term on the right-hand side which
excites the x, bls, and blc coordinates and results in a constant
x and a /3(A:) frequency of 12, while the Fft2C term leads to a
cos3\I/ term on the right-hand side which again excites x, bls,
and blc and results in an x frequency of 312 and @(k)

frequencies of 212 and 412.
For rotors with two blades N= 2, one can use the harmonic

balance methods of the previous subsection. The steady-state
periodic tower and blade forces given by Eqs. (45) are sub-
stituted into the basic equations of motion [Eqs. (36)]. The
new coordinates given by Eqs. (41) are introduced, the last
two blade equations are summed and subtracted, and the
tower and blade motions as given by Eqs. (42) are expanded,
only now the coordinates x0,x1SfbTO,bTls,bAO,... etc., are
taken to be constants rather than functions of time. Har-
monically balancing the various terms in each equation results
in a truncated set of algebraic equations which can be solved
to obtain the coordinates x0,xls,bTO,... etc., corresponding to
the given forcing excitations Fx0,Fxls,Fp0,F&ls,Fplc9..< etc. The
resulting tower and blade motions are then given directly by
Eqs. (42) and (41). The resulting set of algebraic equations
will often uncouple into smaller coupled sets of equations
which can be examined independently of one another. This
procedure is similar to that for the constant coefficient forced
response case of Eq. (8), except now the periodic coefficients
couple the different harmonics together. Thus, the solution
will consist of many harmonics w!2 even if only one forcing
harmonic Fftls is present alone.

The use of harmonic balance methods can point out various
important features of the response. However, for systems
with many generalized coordinates, the introduction of ad-
ditional degrees of freedom for the Fourier harmonics can
make the algebra tedious. Some attempts at an operational
formulation for the harmonic balance equations to minimize

the matrix algebra are given by Peters and Ormiston.23 Other
systematic formulations of the harmonic balance equations
are given by Kvaternik and Walton24 and Wendell.25 In
particular, the latter reference adds five Fourier components
to each of three initial degrees of freedom of a two-bladed
wind turbine rotor (yaw, pitch, and teeter) to obtain a total of
15 degrees of freedom. Good comparison is obtained, with
more conventional numerical integration results for the
stability and initial transient response as well as the forced
response.

Rotating Coordinates
As an addendum to the previous multiblade coordinates

and harmonic balance methods, it should be mentioned that
for some problems the use of. rotating coordinates is also
convenient. For example, in the case of a two-bladed rotor on
isotropic tower supports (same tower mass, damping, and
stiffness in two directions, Xj and x2), Eqs. (36) would read,

MX i + Cxxj .+ kxx1 + S——

d2

Mx2 + Cxx2 + kxx2 - S—

= Fxl ( t)

=Fx2 .(t)

=FJ*> (0

(k=l,2) (47)

The tower motions in the horizontal direction xl and the
vertical direction x2 can then be expressed in terms of rotating
coordinates £7 and £2 which rotate with the rotor as

j = £ j costot + % x = - cosGf (48)

where the rotation ^7 = 12f is taken from the x2 axis toward the
xl axis. Placing these equations into Eqs. (47), multiplying the
first two equations by'-cas^7 and sin^7, respectively, and
subtracting, then multiplying the first two equations by sin^7
and cos^7 and adding, then subtracting the third and fourth
equations, and finally adding the third and fourth equations
will result in a new set of differential equations in the
variables ^i^2^A^T which now all have constant coef-
ficients, namely,

+ 2S ( bA - 122 bA ) = Fxl - F

+2Ib

(49)

In the above, bT= [ /3<7) ' + j8<2> ]/2 and bA = [p^ -pw ]/2
are the same coordinates introduced earlier in Eqs. (41). These
differential equations may then be investigated for stability
and forced response using the standard constant coefficient
techniques described earlier. Such analyses of a two-bladed
rotor on isotropic tower supports were also performed by
Coleman and Feingold18 in their studies of helicopter ground
resonance.

Rotating coordinates are often used in rotating machinery
shaft critical speed problems and are useful for dealing with
problems of rotors with unsymmetrical mass, unsymrnetrical
damping, or unsymmetrical shaft stiffness supported on
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isotropic bearings. For example, see Bolotin.26 For such
problems, one can readily set up the equations of motion in
the rotating frame directions and the fixed supports will
introduce no periodic terms because of their isotropic nature.
For vertical axis wind turbines, such rotating coordinates for
the blades are useful since the tower supports are generally
isotropic due to the symmetrically arranged guy wires. See
Carne et al.27 For horizontal axis wind turbines, the tower
supports are generally not isotropic; hence, periodic coef-
ficients will remain in the equations when using rotating
coordinates.10 If the support anisotropy is not too large,
harmonic balance methods can be introduced to eliminate the
periodic coefficients, as was done in the previous section. See
alsoZvolanek.3

Perturbation Methods
For the sake of completeness, brief reference will be made

to a third category of analysis procedures, namely, per-
turbation methods, although these will not be discussed in
detail here. These perturbation methods are based on the
assumption that the periodic coefficients are small in some
sense and that an expansion can be made in terms of some
small parameter e. A good discussion of these methods can be
found, for example, in the book of Nayfeh and Mook.5

Perturbation methods have had use in the past as ap-
proximate solutions because of their simpler computational
requirements. However, they require more knowledge of the
system behavior, and each instability region of the system
need be investigated by a separate analysis. A basic for-
mulation of the perturbation method for periodic coefficient
systems is given by Hsu.2g Extensive use of these methods is
made by Bolotin21 for solving many physical structural
dynamic problems involving Mathieu's and Hill's equations.
Multiple time-scale approaches are discussed and applied by
Nayfeh and Mook5 as well as by Tong29 and Johnson.30 The
multiple time-scale approach has also been generalized to
systems of equations so that little algebra is necessary. For
example, see Wei and Peters31 which gives a matrix for-
mulation that includes two expansion terms. Dreier32 presents
a perturbation method for the MOST AS helicopter blade
computer code which includes forced response as well as
stability.

Conclusion
This paper has reviewed two of the more common

procedures for analyzing the stability and forced response of
rotating systems with periodic coefficients, namely, Floquet
methods and multiblade coordinate, harmonic balance
methods. Also, the use of rotating coordinates and per-
turbation methods were briefly discussed. The paper focused
on the analytical techniques involved. Details of the com-
putational aspects of the methods reviewed are cited in the
references. '

The Floquet methods are based on any convenient
numerical integration scheme and involves the computation
of the "transition matrix" [Q] from which stability and the
initial conditions for steady-state response solutions can be
obtained. These methods seem attractive for large systems
and can be modified to include nonlinearities in the equations.

The multiblade and harmonic balance methogs involve first
the introduction of multiblade coordinates in order to take
out the periodic coefficients from the blades [Eq. (38) for
7V> 3 ] or to obtain a better ordered system of equations [Eqs.
(41) for N=2]. Then harmonic balance methods of Eqs. (42)
are used to deal with any remaining periodic coefficients.
These methods seem attractive for smaller systems and can
give considerable insight into the origin and nature of in-
stabilities and the various harmonics present in the forced
response. Systematic formulations of the harmonic balance
method have been developed, particularly for the steady-state
forced response.

Rotating coordinates can also be used to effectively
eliminate the periodic coefficients in problems involving
unsymmetrical rotors on isotropic tower supports. These can
often be used in rotating shaft critical-speed problems and for
vertical axis wind turbines. If the support anisotropy is not
too large, harmonic balance methods may additionally be
used to deal with any remaining periodic coefficients.

Perturbation methods have had use in the past because of
their simpler computational requirements. However, they
require more knowledge of the system behavior and care in
application.
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